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 Complete Sequences in  N 2
 N ORBERT H EGYVA ´  RI
 Folkman’s theorem states that if  A  5  h a 1  ,  a 2  ,  ?  ?  ? j  satisfying  A ( n )  .  n
 1 – 2 1 ¨  , where  A ( n )  5
 o a i < n  1 , then  P ( A )  5  h a i 1  1  a i 2  1  ?  ?  ?  1  a i s  :  i 1  ,  i 2  ,  ?  ?  ?  ,  i s ;  s  P  N ;  a i j  P  A j  contains an infinite
 arithmetic progression . We shall consider the analogue of Folkman’s theorem in  N 2 , and some
 related questions are also investigated .
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 1 .  I NTRODUCTION
 In 1966 , J . Folkman proved that if  A  5  h a 1  ,  a 2  ,  ?  ?  ?  ,  a n  ?  ?  ? j  is a strictly increasing
 sequence of integers satisfying  A ( n )  .  N
 1 – 2 1 a  for some  a  .  0 (where  A ( n )  5  o a i < n  1) ,
 then the set  P ( A )  5  h o  ¨  i a i  3  ¨  i  5  0 or 1 ;  o  ¨  i  ,  `  j  contains an infinite arithmetic
 progression . Let us call such an  A  subcomplete . Furthermore , if  P ( A ) intersects every
 arithmetic progression , then  P ( A ) contains all suf ficiently large integers . Let us say
 then that  A  is complete .
 In this paper we are going to investigate the analogous question in  N 2 .
 We shall prove that the analogue theorem of Folkman’s theorem is not true , and we
 give some other results .
 2 .  N OTATIONS  AND D EFINITIONS
 Let us use the following notation . Let  v  P  N 2 ;  v  5  ( y  1  ,  y  2 ) ,  y  1  ,  y  2  P  N .  We shall
 sometimes write  y  ( 1 )  ( y  ( 2 ) ) for  y  1 ( y  2 ) .  Let
 m ( v )  5 H y  2 / y  1
 `
 if  y  1  ?  0 ,
 if  y  1  5  0 .
 Let  v 1 ,  v 2  P  N 2 and let
 v 1  1  v 2  5  ( y  (1) 1  1  y  (1) 2  ,  y  (2) 1  1  y  (2) 2  )
 For  A ,  Ô  N 2 , denote by  A  1  B  5  h x  3  x  5  a  1  b  where  a  P  A  and  b  P  B j . Let  v  P  N 2 .
 Denote by  u v u  the length of  v , i . e .  u v u  5  4 y  2 1  1  y  2 2  . Let
 S n  5  h v  3  v  P  N 2  and  u v u  <  n j .
 Let  A  5  h a 1 ,  a 2 ,  .  .  . j  Ô  N 2 and let  A ( n )  5  h a 1 ,  a 2 ,  .  .  .  ,  a n j .  We define the counting function
 of  A  as  A ( n )  5  u A  >  S n u , where  u X u  is the cardinality of a finite set  X .
 An analogous notion of an interval is the discrete rectangle . Let
 R ( a ,  b ,  c ,  d )  5  h v  3  v  P  N 2 ,  a  <  y  1  <  c  and  b  <  y  2  <  d j
 and let  t ( R ) be the size of  R ( a ,  b ,  c ,  d ) ,  i . e .  t ( R )  5  ( c  2  a  1  1)( d  2  b  1  1) .  For given
 x ,  d  P  N 2 , call the set
 L ( x 0 ,  d )  5  h x 0  1  k d  3  k  P  N j
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 an arithmetic progression . Let  L ( d )  : 5  L ( 0 ,  d ) . For a given set  A  5
 h a 1 ,  a 2 ,  .  .  .  ,  a n ,  .  .  . j  Ô  N 2 , let
 P ( A )  5  h O  ¨  i a i  3  ¨  i  5  0  or  1 ;  O  ¨  i  ,  `  j .
 Let us call  A  L -complete if there exist  x 0 ,  d  P  N 2 such that  L ( x 0 ,  d )  Õ  P ( A ) .
 We can define another completeness , as well . Let us call  A  Ô  N 2  p -complete if there
 exist  x 0  P  N 2 ,  u ,  v  P  R 2 ,  m ( u )  ?  m ( v ) , such that
 S ( x 0 ,  u ,  v )  : 5  hh x 0  1  a  u  1  b  v  3  a  ,  b  P  R 1 j  >  N 2 j  Õ  P ( A ) .
 3 .  T HE P LANE A NALOGUE  OF F OLKMAN’S T HEOREM
 In [2] , the following remarkable result is established :
 T HEOREM F (Folkman) .  If A is an infinite set of positi y  e integers such that there exist
 ¨  .  0 and n 0  with
 A ( n )  .  n
 1 – 2 1 ¨
 for n  .  n 0  , then A is subcomplete .
 In this section we prove that the analogous theorem does not hold for a sequence
 A  Ô  N 2 .
 T HEOREM 3 . 1 .  There exist an  a  .  0  and an  A  Ô  N 2  for which
 A ( n )  .  a n 2
 and  A  is not L - complete .
 P ROOF  OF T HEOREM 3 . 1 .  Let 0  ,  g  ,  pi  / 4 and  ¨  5  tan  g .  Let
 R 2 n 2 1  : 5  h x  3  x  P  N 2 ;  0  ,  m ( x )  ,  ¨  and  2 4
 2 n 2 1
 <  u x u  ,  2 4 2 n j
 and
 R 2 n  : 5  h x  3  x  P  N 2 ;  1 /  ¨  ,  m ( x )  ,  `  and  2 4
 2 n
 <  u x u  ,  2 4 2 n 1 1 j
 n  5  1 ,  2 ,  .  .  .  .
 Now let  A  : 5  ! ` n 5 1  R n .
 First we prove that  A ( n )  .  a n 2 for some  a  .  0 , n  P  N .  To prove it , let
 (  y 1  ,  y 2 )  P  R 9 2 n  if f  (  y 2  ,  y 1 )  P  R 2 n  ,  n  P  N .
 Clearly ,  u R 2 n u  5  u R 9 2 n u  for every  n  P  N .  Furthermore ,
 !
 `
 n 5 1
 ( R 2 n 2 1  <  R 9 2 n )  5  h x  3  x  P  N 2 ;  0  ,  m ( x )  ,  ¨  j ,
 so we have
 A ( N )  5  u A  >  S N u  5 U  ! `
 n 5 1
 ( R 2 n 2 1  <  R 9 2 n )  >  S N U  >  ( g  / 2)  u S N u / ( pi  / 2)  5  a N 2 .
 Now we show that  P ( A ) does not contain an arithmetic progression . Let us assume
 that , contrary to the assertion , there are  x 0  ,  d  P  N 2 such that  L ( x 0  ,  d )  Õ  P ( A ) . Let
 u d u  5  d .
 We distinguish two cases : 0  <  m ( d )  ,  1 or 1  <  m ( d )  <  `  .
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 The proofs for the cases 0  <  m ( d )  <  1 and 1  <  m ( d )  <  `   are similar . Thus , without
 loss of generality , let 0  <  m ( d )  <  1 and 0  <  m ( x 0 )  <  1 .
 L EMMA 3 . 1 .  Let
 E n  : 5  h x  3  x  P  N 2 ;  4  ?  4 2  ?  2 3 ? 4
 2 n
 / (1  2  ¨  )  ,  u x u  ,  2 4
 2 n 1 1
 and  0  <  m ( x )  <  1 j ,  n  P  N .
 Then  E n  Õ u  P ( A ) .
 P ROOF  OF L EMMA 3 . 1 .  Let
 F n  : 5  h x  3  x  P  N 2 ;  2 4
 2 n
 ,  u x u  ,  2 4 2 n 1 1  and  0  <  m ( x )  ,  1 j
 and let  x  P  F n  >  P ( A ) .
 If  a i  P  ! ` k 5 n  R 2 k 1 1  ,  then  u a i u  .  2 4
 2 n 1 1 . Thus , writing
 x  5  a i 1  1  a i 2  1  ?  ?  ?  1  a i s ,
 we have  a i j  P  U  <  V , where  U  : 5  !
 n
 k 5 1  R 2 k 2 1 and  V  : 5  ! ` k 5 1  R 2 k  ,  which implies
 F n  >  P ( A )  Õ  P ( U  <  V )  5  P ( U )  1  P ( V ) .
 If  z  P  P ( U ) ;  z  5  a j 1  1  a j 2  1  ?  ?  ?  1  a j t  then , by the triangle inequality , we obtain
 u z u  <  O t
 r 5 1
 u a j r u  < U  ! n
 k 5 1
 R 2 k 2 1 U  ?  max  u a j r u  ,  4  ?  2 2 ? 4 2 n  ?  2 4 2 n  5  4  ?  2 3 ? 4 2 n .  (3 . 1 . 1)
 Now let
 K  : 5  h x  3  x  P  N 2 ;  1 /  ¨  <  m ( x )  ,  `  j .
 Clearly ,  P ( V )  Õ  K , so by (3 . 1 . 1) we have
 F n  >  P ( A )  Õ  h x  3  0  <  m ( x )  ,  ¨  ;  u x u  ,  4  ?  2 3 ? 4
 2 n j  1  K .  (3 . 1 . 2)
 This implies by an easy calculation that 2 4
 2 n 1 1
 .  u x u  .  4  ?  4 2  ?  2 3 ? 4 2 n / (1  2  ¨  ) and 0  <
 m ( x )  <  1 . Then  x  ¸  F n  >  P ( A ) , which proves the lemma .  j
 Since
 D n  : 5  2
 4 2 n 1 1  2  4  ?  4 2  ?  2 3 ? 4
 2 n
 / (1  2  ¨  )  5  `
 if  n  5  `  , there is an  n 0 such that , for  n  .  n 0 ,
 D n  .  d .
 Let us write  x k  5  x 0  1  k  ?  d  5  ( x k 1  ,  x k 2 ) .  Then , for every  k ,  0  <  m ( x k )  <  1 and  x k 1 1 , 1  2
 x k , 1  ,  d , respectively . We obtain that , for every  n  .  n 0 , there is a  k  such that
 x k  P  E 9 n  Õ u  P ( A ) . This contradiction proves the theorem .  h
 4 .  S EQUENCES  WITH B OUNDED G APS
 If  A  is a sequence of positive integers , then there is an obvious suf ficient condition
 for its completeness : if  A  5  A 1  <  A 2  , A 1  >  A 2  5  [ , P ( A 1 ) has bounded gaps (i . e . there
 is a  K  .  0 such that if  P ( A 1 )  5  h  p 1  ,  p 2  ,  ?  ?  ? j ,  then , for every  n ,  p n 1 1  2  p n  ,  k ) ,  and
 P ( A 2 )  contains suf ficiently large intervals then  A  is complete . What happens if  A  Õ  N  is
 replaced by  A  Õ  N 2 ?
 D EFINITION 4 . 1 .  We say that  X  Ô  N 2 has bounded gaps if there is a sequence  h x i j  of
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 distinct elements of  X  such that the dif ferences  x i 1 1  2  x i  assume only finitely many
 dif ferent values .
 We prove the following theorem .
 T HEOREM 4 . 1 .  There is an  A  Ô  N 2  for which  A  5  A 1  <  A 2 ;  A 1  >  A 2  5  [  and  :
 (1)  for e y  ery r ,  s  P  N , there are a ,  b  P  N  such that
 R ( a ,  b ,  a  1  r ,  b  1  s )  Õ  P ( A 1 ) ;  (4 . 1)
 (2)  P ( A 2 )  has bounded gaps ;
 and  A  is not L - complete .
 This  A  will have the following property :
 a n 1 1  2  a n  P  h (1 ,  0) ,  (0 ,  1) j  for  every  n  P  N .  (4 . 2)
 We say that a sequence  A  is simple if (4 . 2) holds .
 We mention that simple sequences have many interesting combinatorial properties
 (see [1] and [3]) . Although a simple sequence  A  is not always complete , the set  P ( A )
 contains a large regular part .
 D EFINITION 4 . 2 .  Let  A  Ô  N 2 be a simple sequence and let
 T A ( n )  : 5  max h t ( R )  3  R  is  a  discrete  rectangle  and  R  Õ  P ( A ( n ) ) j .
 If  a 1  5  (1 ,  2) and  a n 1 1  2  a n  5  (1 ,  0) for  n  >  1 ,  then it is not hard to see that  T A ( n )  5  n .
 Let  A  Ô  N 2 and let us assume that
 u h i  :  a i 1 1  2  a i  5  (1 ,  0) j u  5  u h  j  :  a j 1 1  2  a j  5  (0 ,  1) j u  5  `  .  (4 . 3)
 We shall prove that if (4 . 3) holds , then  T  ( n ) is much larger than  n .
 T HEOREM 4 . 2 .  (1)  Let  A  Ô  N 2  be a simple sequence . If  A  satisfies  (4 . 3)  and n is large
 enough , then
 n
 3 – 2  / 360  ,  T A ( n ) .
 (2)  On the other hand , there is a simple sequence  A  which satisfies  (4 . 3)  and
 T A ( n )  ,  4 n
 2 .
 Finally in this section , we give a suf ficient condition for the  p -completeness of
 A  Ô  N 2 .
 T HEOREM 4 . 3 .  Let  X  Ô  N 2 .  Suppose that there are  d 1 ,  d 2  P  N 2 ,  m ( d 1 )  ?  m ( d 2 )  and
 ¨  .  0 ,  ¨  P  R , for which
 u L ( d i )  >  X  >  S n u  .  n
 1 – 2 1 ¨  ,  (4 . 4)
 for i  5  1 ,  2 .
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 Assume that  A  : 5  X \ ( L ( d 1 )  <  L ( d 2 ))  satisfies  (4 . 3) . Then  X  is p - complete .
 First , we need some preliminary lemmas .
 D EFINITION 4 . 3 .  We write
 * ( B ,  S ,  A )  : 5  h ( u ,  y  )  3  y  5  A ;  B  ,  u  <  B  1  S j ,
 9 ( A ,  S ,  B )  : 5  h ( u ,  y  )  3  u  5  A ;  B  ,  y  <  B  1  S j ,
 where  A ,  B ,  S  P  N , and let
 P 2 ( B )  : 5  h x 2  3  x  P  P ( B ) ,  x  5  ( x 1  ,  x 2 ) ,  B  Ô  N 2 j .
 Let
 H ( n )  : 5  u h i  :  2  <  i  <  n ;  a i  5  a i 2 1  1  (1 ,  0) j u  ,
 V  ( n )  : 5  u h  j :  2  <  j  <  n ;  a j  5  a j 2 1  1  (0 ,  1) j u  .
 L EMMA 4 . 1 .  Let  A  be an arbitrary sequence of  N 2 . Let  A 9  5  h a i 1  ,  a i 2  ,  .  .  .  ,  a i t j  be a
 ( finite ) subsequence of  A .  Suppose that for each j ,  1  <  j  <  t , we ha y  e  a i j  2  a i j 2 1  5  (1 ,  0) ( or
 (0 ,  1)) . Then there are A ,  B  P  N  such that P ( A )  Ó  *  ( A ,  t  / 2 ,  B ) ( or P ( A )  Ó
 9 ( A ,  t  / 2 ,  B )) .
 P ROOF  OF L EMMA 4 . 1 .  Let  A 0  : 5  h a i 2 j  3  a i 2 j  P  A 9 ,  j  5  1 ,  2 ,  .  .  .  [ t  / 2] j .  Let  L 1  : 5  h a i 1 j ;
 A 1  5  a
 (2)
 i 1
 , B 1  5  a
 (1)
 i 1  and  D 1  5  1 and , for 1  <  j  <  [ t  / 2] ,  let
 L j  : 5  h L j 2 1  1  a i 2 j j  <  h L j 2 1  1  a i 2 j 2 1 j
 and  A j  5  A j 2 1  1  a
 (2)
 i 2 j 2 1 ;  B j  5  B j 2 1  1  a
 (1)
 i 2 j 2 1 and  D j  5  D j 2 1  1  1 .
 We claim that , for each  j ,  1  <  j  <  [ t  / 2] ,
 * ( B j  ,  D j  ,  A j )  Õ  L j  .  (4 . 5)
 For  j  5  1 ,  (4 . 5) is just the definition . Let  j  .  1 .  If ( u ,  y  )  P  L j 2 1 then , by
 ( a i 2 j  1  ( u ,  y  ))  2  ( a i 2 j 2 1  1  ( u ,  y  ))  5  (1 ,  0) ,
 we obtain
 L j  Ó  * ( B j 2 1  1  a
 (1)
 i 2 j 2 1  ,  D j 2 1  1  1 ,  A j 2 1  1  a
 (2)
 i 2 j 2 1 )  5  * ( B j  ,  D j  ,  A j ) .
 Let  j  5  [ t  / 2] .  Then  D [ t /2]  5  [ t  / 2] and thus
 P ( A )  Ó  L [ t /2]  Ó  * ( B [ t /2] ,  [ t  / 2] ,  A [ t /2] ) .  h
 L EMMA 4 . 2 .  Let H 1  ,  H 2  Õ  N
 2 ;  H 1  >  H 2  5  [ .  Suppose that
 * ( A 1  ,  D 1  ,  B 1 )  Õ  P ( H 1 )  and  9 ( A 2  ,  D 2  ,  B 2 )  Õ  P ( H 2 ) .
 Then there are A ,  B  P  N , such that
 R ( A ,  B ,  A  1  D 1  ,  B  1  D 2 )  Õ  P ( H 1  <  H 2 ) .
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 P ROOF  OF L EMMA 4 . 2 .  Let  A  5  A 1  1  A 2 ;  B  5  B 1  1  B 2  .  If 0  ,  u  <  D 1 and 0  ,  y  <  D 2  ,
 then  x 1  5  ( A 1  1  u ,  B 1 )  P  * ( A 1  ,  D 1  ,  B 1 ) and  x 2  5  ( A 2  ,  B 2  1  y  )  P  9 ( A 2  ,  D 2  ,B 2 ) .  Thus
 x 1  1  x 2  5  ( A 1  1  A 2  1  u ,  B 1  1  B 2  1  y  )  5  ( A  1  u ,  B  1  y  )  P  P ( H 1 )  1  P ( H 2 )  5  P ( H 1  <  H 2 ) .
 But
 R ( A ,  B ,  A  1  D 1  ,  B  1  D 2 )  5  h x 1  1  x 2  3  0  ,  u  <  D 1  and  0  ,  y  <  D 2 j ,
 which completes the proof .  h
 P ROOF  OF T HEOREM 4 . 1 .  Let  a 1  5  (0 ,  0) and let us write
 a n  5  a n 2 1  1 H (0 ,  1)  if  n  5  2 k , (1 ,  0)  if  n  ?  2 k .  (4 . 6)
 Let  A 1  5  h a k  3  k  ;  0 or 3(mod  4) j  and  A 2  5  A \ A 1 .
 Clearly ,  A 1 satisfies (4 . 3) ; thus by Lemmas 4 . 1 and 4 . 2 we obtain (4 . 1) . The sequence
 A 2 (and hence  P ( A 2 )) has bounded gaps . Indeed ,
 a 4 k 1 1  2  a 4 k 2 2  5  ( a 4 k 1 1  2  a 4 k )  1  ( a 4 k  2  a 4 k 2 1 )  1  ( a 4 k 2 1  2  a 4 k 2 2 )  5  c 1  1  c 2  1  c 3
 and  c i  P  h (0 ,  1) ,  (1 ,  0) j  for  i  5  1 ,  2 ,  3 .
 We are now going to prove that  A  is not  L -complete .
 Assume that , contrary to the assertion , there are  x 0 ,  d  P  N 2 such that  L ( x 0 ,  d )  Õ
 P ( A ) . Observing that lim k 5 `  a  (2) k  5  `  ,  we have that , for each  k  P  N ,
 u h x  :  x  P  P ( A ) ,  x ( 2 )  ,  k j u  ,  `  .
 This implies that  m ( d )  .  0 .
 We claim that for every  ¨  .  0 there is an  n 0  P  N  such that if  x  P  P ( A ) and  x  (1)  .  n 0  ,
 then  m ( x )  ,  ¨  .  Hence , choosing  ¨   less than  m ( d ) , we obtain a contradiction .
 By (4 . 6) we have that  a n  5  ( n  2  [log 2  n ] ,  [log 2  n ]) .  Thus there is an  n 1  P  N  such that
 m ( a n )  ,  ¨  / 2  for every  n  .  n 1  .  Let  n 1  .  max h 2 ,  2 /  ¨  j  and let  n 0  5  n 3 1 .
 Let  x  P  P ( A ) ,  x ( 1 )  .  n 0 , and let us write  x  in the form
 x  5  O
 a i P A
 ¨  i a i  5 O
 1
 ¨  i a i  1 O
 2
 ¨  i a i
 ( ¨  i  5  0 or 1) where  o 1 contains those  a i  for which  a  (1) i  <  n 1 and  o 2 contains those ones
 for which  a (1) i  .  n .  Let  x 1  5  o 1  ¨  i a i  and  x 2  5  o 2  ¨  i a i  .  Then , by (4 . 6) , we obtain
 x (1) 1  ,  2  ?  S n 1 2  D  ,  n 2 1 .  (4 . 7)
 Clearly ,  m ( x 1 )  <  1 . Furthermore ,
 m S O
 2
 ¨  i a i D  ,  ¨  / 2 .  (4 . 8)
 Indeed , since  m ( a i )  ,  ¨  / 2 ,  i . e .  a (2) i  ,  ( ¨  / 2) a (1) i  ,  we have  o 2  ¨  i a  (2) i  ,  ( ¨  / 2)  o 2  ¨  i a (1) i  ,  which
 implies that  x (2) 2  ,  ( ¨  / 2) x (1) 2  ,  i . e .  m ( x 2 )  ,  ¨  / 2 .  Now , by (4 . 7) and (4 . 8) , we have
 m ( x )  5  x ( 2 ) / x  ( 1 )  <  h ( x  ( 1 )  2  n 2 1 )  ?  ( ¨  / 2)  1  n 2 1 j / x  ( 1 )  ,  ¨  / 2  1  n 2 1 / x  ( 1 )  ,  ¨  / 2  1  2 / n 1  ,  ¨  ,
 since  n 1  .  2 /  ¨  .  h
 P ROOF  OF T HEOREM 4 . 2 .  Let  k  : 5  [ 4 n / 6] .  We can assume without loss of generality
 that  H  : 5  H ( n )  2  H ( k )  .  n  / 3 and  a  (2) 1  .  10 .  Now we need a lemma :
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 L EMMA 4 . 3 .  Let  A  Ô  N 2  be a simple sequence . Suppose that  A  satisfies  (4 . 3) . Then
 there are B ,  n 0  P  N  such that , for n  .  n 0  ,
 [ B  1  1 ,  B  1  a  (2) 1  4 n / 40]  Õ  P 2 ( A ( k ) ) .
 P ROOF  OF L EMMA 4 . 3 .  By (4 . 3) we can assume that  V  ( k )  .  max h 10 a  (2) 1  ,  5( a (2) 1  1
 1) / ( a (2) 1  2  5) j .  Let  D  : 5  [ V  ( k ) / 5] and  z  : 5  min  h P  3  :  V  (  p )  5  D j .  Let us write  P 2 ( A ( z ) )  5
 h x 1  ,  x 2  ,  ?  ?  ?  ,  x s j .  Clearly ,  s  .  z  >  D .  Since  A  is a simple sequence , and by the
 definition of  z ,  we have  a (2) z  5  a
 (2)
 1  1  D .  This implies that , for every  i ,  1  <  i  ,  s ,
 x i 1 1  2  x i  <  a
 (2)
 1  1  D .  (4 . 9)
 Since  V  ( k )  2  V  ( z )  >  4 D ,  by Lemma 4 . 1 , we can select a subset  A *  5
 h a i 1  ,  a i 1 2 1 ,  .  .  .  ,  a i 2 D  ,  a i 2 D 2 1  3  a i j  2  a i j 2 1  5  (0 ,  1) ;  a i j 2 1  ?  a i j 1 1 for  j  5  1 ,  .  .  .  ,  2 D j  of
 h a z 1 1  ,  a z 1 2  ,  .  .  .  ,  a k j  such that  P ( A *)  Ó  9  ( A ,  2 D ,  B ) for some  A ,  B  P  N .
 In view of (4 . 9) and by  D  .  a  (2) 1  ,  we obtain that there is a  T  P  N  such that
 P 2 ( A
 ( z ) )  1  P 2 ( A *)  Ó  [ T  1  1 ,  T  1  ( x s  2  x 1 )] .  (4 . 10)
 Since  a (2) i  >  a
 (2)
 1  ,  we have
 x s  2  x 1  >  a
 (2)
 1  ?  s  .  a
 (2)
 1  ?  z  >  a
 (2)
 1  ?  D .  (4 . 11)
 Let
 C  : 5  h a z 1 1  ,  .  .  .  ,  a k j  \  A *  5  h a j 1  ,  .  .  .  ,  a j m  j .
 Clearly , for every  É  ,  1  <  É  <  m  ,
 a (2) j É  <  a
 (2)
 1  1  V  ( k )  <  a
 (2)
 1  1  5 D  1  5 .
 Since  D  .  ( a  (2) 1  1  5) / ( a  (2) 1  2  5) ,  and by (4 . 11) , we obtain
 x s  2  x 1  >  a
 (2)
 1  ?  D  >  a
 (2)
 1  1  5 D  1  5  >  a
 (2)
 j É
 for every 1  <  É  <  m .
 This implies that
 P 2 ( A
 ( k ) )  Ó  P 2 ( A
 ( z ) )  1  P 2 ( A *)  1 H O É
 r 5 1
 a j r  U  1  <  É  <  m J
 Ó F T  1  1  1  a j 1  ,  T  1  ( x s  2  x 1 )  1  O m
 r 5 1
 a j r G ,  (4 . 12)
 i . e .  P 2 ( A ( k ) ) contains an interval of length
 M  : 5  ( x s  2  x 1 )  1  O m
 r 5 2
 a  (2) j r  .
 In view of (4 . 11) and by  a (2) i  >  a  (2) 1  ,  we have
 M  >  a  (2) 1  ?  z  1  a
 (2)
 1  ?  ( m  2  1)  >  a
 (2)
 1  ?  max h z ,  m  2  1 j .
 Since  k  <  z  1  4 D  1  m  ,  5 z  1  m  ,  we obtain max h z ,  m  2  1 j  .  ( k  2  1) / 6  >  4 n / 40 .  Thus
 M  >  a (2) 1  4 n / 40 .  j
 We now turn to the proof of Theorem 4 . 2 .
 Define  w  by
 H ( w )  2  H ( k )  5  [ H  / 2] .
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 Let us write
 H 1  : 5  h a i  3  k  ,  i  ,  w ;  a i  P  A j  and  H 2  : 5  h a i  3  w  <  i  <  n ;  a i  P  A j .
 By using Lemma 4 . 3 , we obtain that there exists an  U  P  N  such that for every
 i ,  U  ,  i  <  U  1  M ,  there is a  z j i  P  P ( A
 ( k ) ) for which  z  (2) j i  5  i .
 Since  A  is a simple sequence , it is easy to see that  a (1) k  <  a  (1) 1  1  k .  This implies that
 z  (1) j i  ,  a
 (1)
 1  ?  k  1  k
 2  ,  2  ?  k 2  ,  n  / 10  (4 . 13)
 if  n  is large enough . Let  z s 1  ,  z s 2  ,  .  .  .  ,  z s M  be a permutation of the sequence
 z j 1  ,  z j 2  ,  .  .  .  ,  z j m  such that
 z (1) s 1  <  z
 (1)




 By Lemma 4 . 1 there are  m 1  ,  F  P  N  such that
 P ( H 1 )  Ó  *  ( F ,  [ H  / 2] / 2 ,  m 1 ) .
 Let
 y j  5  ( F  1  1  1  z (1) s M  2  z
 (1)
 s j  ,  m 1 ) ,
 for 1  <  j  <  M .  By (4 . 13) , and since [ H  / 2] / 2  .  n  / 9 ,  we conclude that  y j  P
 * ( F ,  [ H  / 2] / 2 ,  m 1 )  and
 z s j  1  y j  5  ( F  1  z
 (1)
 s M  ,  m 1  1  s j )
 for every 1  <  j  <  M .
 Thus we obtain
 h z s j  1  y j  3  j  5  1 ,  .  .  .  ,  M j  Õ  9 ( F  1  1  1  z
 (1)
 s M  ,  M ,  m 1 ) .
 Furthermore , by using Lemma 4 . 3 again we obtain that there are  m 2  ,  E  P  N  such that
 * ( E ,  [ H  / 2] / 2 ,  m 2 )  Õ  P ( H 2 ) .
 Since the sets  A ( k ) ,  H 1 and  H 2 are pairwise disjoint , applying Lemma 4 . 2 there are
 N ,  S  P  N  such that
 ( P ( A ( k ) )  1  P ( H 1 ))  1  P ( H 2 )  Ó  R ( N ,  S ,  N  1  M ,  S  1  [ H  / 2] / 2)
 holds . This implies that
 T  ( n )  >  M  ?  [ H  / 2] / 2  >  ( a  (1) 1  ?  4 n / 40)  ?  ( n  / 9)  5  a (1) 1  ?  n
 3 – 2  / 360  .  n
 3 – 2 / 360 .
 Now we are going to construct a set  A  for which  T  ( n )  <  4 n 2 .  Let  a 1  5  (0 ,  0) and , for
 every  n  P  N ,  let
 a n 1 1  5  a n  1 H (1 ,  0)  if  n  ;  0  (mod  2) , (0 ,  1)  if  n  ;  1  (mod  2) .
 This definition implies that
 u a  (1) n  2  a (2) n  u  <  1 .
 Hence , if  x  P  P ( A ( n ) ) ,  then
 u x  ( 1 )  2  x  ( 2 ) u  <  n .  (4 . 14)
 Let us assume that , contrary to the assertion , there exists an  R  5  R ( a ,  b ,  c ,  d )  Õ  P ( A ( n ) )
 for which  t ( R )  .  4 n 2 .  This implies that
 max  h c  2  a ,  d  2  b j  .  2 n
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 and thus max  h u b  2  c u ,  u b  2  a u  ,  u d  2  a u j  .  n .  But  h ( a ,  b ) ,  ( c ,  b ) ,  ( a ,  d ) j  Õ  ( A ( n ) ) .  This con-
 tradicts (4 . 14) and the proof of the upper bound is completed .  h
 P ROOF  OF T HEOREM 4 . 3 .  First we are going to prove that there are  x 1  ,  x 2 ,  e 1 ,  e 2  P  N 2
 such that  m ( e i )  5  m ( d i ) and  L ( x i  ,  e i )  Õ  P ( X ) for  i  5  1 ,  2 .
 Let  X i  Õ  N , i  5  1 ,  2 ,  denote the set of integers for which
 k  P  X i  if f  k  ?  d i  P  X  >  L ( d i ) .  (4 . 15)
 This definition implies that
 m  P  P ( X i )  if f  m  ?  d i  P  P ( X  >  L ( d i )) .  (4 . 16)
 Furthermore , if  k  ?  d i  P  L ( d i )  >  S n , then  k  ?  u d i u  <  n .  Hence , by (4 . 4) and (4 . 14) , we
 conclude that there are  ¨  9 ,  0  ,  ¨  9  ,  ¨  ,  and  n 0 such that  X i ( n )  .  n
 1 – 2 1 ¨  9 for  n  .  n 0 . Thus ,
 by using Theorem F , we obtain that  X i  is subcomplete , i . e . there are  a i 0  ,  q i  P  N  such
 that  h a i o  1  k  ?  q i j ` k 5 0  Õ  P ( X i ) .  Thus , by (4 . 16) , we have
 h ( a i 0  1  k  ?  q i )  ?  d i j ` k 5 0  Õ  P (( X  >  L ( d i )) .
 Now , if  x i  5  a i 0  ?  d i ;  d i ;  e i  5  q i  ?  d i  ,  then  L ( x i  ,  e i )  Õ  P ( X  >  L ( d i )) for  i  5  1 ,  2 , as we
 claimed .
 Since  m ( d 1 )  ?  m ( d 2 ) ,  we have  L ( x 1 ,  e 1 )  >  L ( x 2 ,  e 2 )  5  [ , and so
 L  : 5  L ( x 1 ,  e 1 )  1  L ( x 2 ,  e 2 )  Õ  P ( X ) .
 Let  x 0  5  x 1  1  x 2 . Clearly ,  L  5  h x 0  1  k  ?  e 1  1  m  ?  e 2  3  k ,  m  P  N j .  Let  r  .  u e 1 u  1  u e 2 u  and  r  5  s .
 Since the set  A  5  X  \  ( L ( d 1 )  <  L ( d 2 )) satisfies (4 . 3) , by Lemmas 4 . 1 and 4 . 2 there exist
 integers  a  and  b  such that  R ( a ,  b ,  a  1  r ,  b  1  s )  Õ  P ( A ) . Let  w  5  ( a ,  b ) and  y 0  5  x 0  1  w .
 We are going to show that if  z  P  S ( y 0 ,  e 1 ,  e 2 ) , then  z  5  u  1  v , where  u  P  L  and  v  P  P ( A ) .
 Define the integers  k  and  m  by
 m ( e 1 )  <  m ( z  2  ( y 0  1  k  ?  e 1  1  m  ?  e 2 )  <  m ( e 2 )
 and
 u z  2  ( y 0  1  k  ?  e 1  1  m  ?  e 2 ) u  5  min h u z  2  ( y 0  1  s  ?  e 1  1  t  ?  e 2 u  :  s ,  t  P  N j .
 Since  u z  2  ( y 0  1  k  ?  e 1  1  m  ?  e 2 ) u  ,  u e 1 u  1  u e 2 u  ,  r ,  we obtain that  v  5  z  2  ( y 0  1  k  ?  e 1  1
 m  ?  e 2 )  P  R ( a ,  b ,  a  1  r ,  b  1  r ) .  Let  u  5  y 0  1  k  ?  e 1  1  m  ?  e 2 . Thus  u  1  v  5  z ,  u  P  L ,  v  P
 P ( A ) . So we obtain that  S ( y 0 ,  e 1 ,  e 2 )  Õ  P ( X ) , i . e .  X  is  p -complete .  h
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